Particles are spontaneously created from the vacuum by time-varying gravitational or electromagnetic backgrounds. It has been proven that the particle number operator in an expanding universe is an adiabatic invariant. In this paper we show that, in some special cases, the expected adiabatic invariance of the particle number fails in presence of electromagnetic backgrounds. Furthermore, we also show a close relation between the breaking of the adiabatic invariance and the emergence of the axial anomaly.
I. INTRODUCTION
The understanding of particle creation phenomena in terms of Bogolubov transformations was pioneered in the analysis of quantized fields in an isotropically expanding universe [1] [2] [3] (for a retrospective analysis see [4] ). A fundamental issue in the study of particle creation in an expanding universe was the adiabatic invariance of the number of created particles. The particle number of a quantized field, in the limit of an infinitely slow and smooth expansion of the universe, that is, an adiabatic expansion, does not change with time [4] , even if the quantized field is massless. In other words, the density of created particles by the cosmic expansion approaches zero when the Hubble rateȧ/a is each time negligible even if the final amount of expansion a(t f inal )/a(t initial ) is large. Hence, we say that the particle number is an adiabatic invariant. Moreover, pair production can also take place in time-varying electric [5, 6] or scalar backgrounds, and it can be regarded as a very important non-perturbative process in quantum field theory [7] . It is also fundamental to understand the reheating epoch in cosmology [8] , non-equilibrium processes induced by strong fields [9, 10] , and astrophysical phenomena [11] .
The main purpose of this work is to analyze the adiabatic invariance of the particle number observable in the presence of an electromagnetic background. We find that for massive fields adiabatic invariance is, as expected, preserved. For slowly varying electromagnetic potentials no quanta is being produced, even if the change in the electromagnetic potential over a long period is very large. However, in some cases and only for massless fields, the particle number is not an adiabatic invariant. In other words, particles are still created in the adiabatic limit. We analyze the problem in detail in a two-dimensional scenario, for both scalar and Dirac fields. As a by-product of our analysis, we point out a connection between the (anomalous) breaking of the adiabatic invariance of the particle number operator and the emergence of a quantum anomaly in the chiral symmetry. We will show that the breaking of adiabatic invariance and its connection to the axial anomaly can be easily translated to four dimensions.
Conservation laws and symmetries play a fundamental role in the understanding of a physical system. Anomalies are symmetries of a classical theory that fail to survive upon quantization. This happens, typically, in field theory because of the need for regularization and renormalization of ultraviolet divergences. A very illustrative example occurs in quantum electrodynamics in the limit of massless Dirac fermions. The classical theory is invariant under chiral transformations and this implies the conservation of the axial current j µ 5 . However, this symmetry is broken in the quantum theory. The chiral anomaly opens the possibility of having processes violating the conservation of chirality. Nevertheless, all elementary processes of quantum electrodynamics, based on the perturbative expansion of the S-matrix, preserve quirality [12] . One has to resort to a non-perturbative phenomena, i.e., the spontaneous pair production by electromagnetic fields, to unveil conservation-law violation of chirality of massless fermions. The non-conservation of chirality seems to be directly related to the breaking of adiabaticity in the particle number observable.
The paper is organized as follows. Section II is devoted to briefly illustrate the problem within the conventional cosmological scenario, as described in [3, 4] . In Section III we will analyze the case of a two-dimensional complex scalar field coupled to an external electric pulse. The role of the mass is analyzed in detail and we will show explicitly that adiabatic invariance of the particle number is broken for massless fields. In Section IV we generalize the result to Dirac fields, showing a connection between the breaking of adiabatic invariance and the emergence of the chiral anomaly. The next step is to extend our result to four dimensions. This will be done in Section V. We will find again that adiabatic invariance requires a non-vanishing effective mass, as happens for two dimensional quantized fields coupled to an electric field. However, a zero effective mass can only be achieved for Dirac (not for scalar) fields coupled to both electric and magnetic fields. The breaking of adiabatic invariance also emerges in parallel to the emergence of the chiral anomaly. In section VI we summarize the main conclusions.
II. A BRIEF ORIENTATION: ADIABATIC INVARIANCE IN THE EXPANDING UNIVERSE
The adiabatic invariance of the particle number operator in an expanding universe can be easily illustrated with a simple two-dimensional example borrowed from [3] . This example, although well-know, will serve to better clarify the main idea of the next sections. Consider the following metric
where dη = a −1 (t)dt and the conformal scale factor is given by the function C(η) = 1 + B(1 + tanh ρη), with B a positive constant. This represents a smooth expansion bounded by asymptotically static and flat spacetime regions. The expansion factor has smoothly shifted from a in ≡ a(−∞) = 1 to a out ≡ a(+∞) = √ 1 + 2B. In the remote past the normalized modes of a scalar field are assumed to behave as the positive frequency modes in Minkowski space
with ω in = √ k 2 + m 2 . As time evolves these modes behave, in the remote future, as a mixture of positive and negative frequency modes of the form
with ω out = ( k aout ) 2 + m 2 . α k and β k are the so-called Bogolubov coefficients. The annihilation operators for physical particles at late times a k are related to the annihilation and creation operators at early times (A k and A † k ) by the relations
The average density number of created particles n k , with momentum k, is given by
where
It is very easy to check that in the adiabatic limit, that is, for an extremely slow expansion ρ → 0, the density number of created particles goes to n k ∼ e −2πωin/ρ → 0. This shows the fact that the particle number is an adiabatic invariant. This behavior of the particle number observable is generic, and it can be extended to isotropically expanding universes in four dimensions, irrespective of the value of the mass [4] .
Furthermore, one can reinforce this idea by looking at a gravitational collapse producing a black hole. An adiabatic collapse can be thought as the (physically inaccessible) limit of a collapse approaching to an extremal black hole (with zero surface gravity) in an infinite amount of advanced time [13] . It is well-known that the late-time particle creation of a gravitational collapse is encapsulated by the surface gravity parameter. The produced radiation is thermal [14] - [2, 3, 15] , with a temperature proportional to the surface gravity. In the adiabatic limit the production of scalar particles is expected to vanish, in agreement with Hawking's result.
III. BREAKING OF ADIABATIC INVARIANCE FOR SCALAR QED2
We will now analyze the same question for the phenomena of particle creation in electric fields. We will consider a classical and homogeneous electric field E(t) interacting with a quantum, two-dimensional charged scalar field φ obeying the field equation
where D µ φ = (∂ µ + iqA µ )φ. We can expand the field in Fourier modes as
where A † k , B † k and A k , B k are the usual creation and annihilation operators. The mode functions h k (t) must obey the Wronskian consistency condition
to ensure the usual commutation relations. Substituting (7) into (6) we get the equation
where we have chosen an homogeneous time dependent potential A µ = (0, −A(t)). In order to study the adiabatic limit for the electric pair production we choose to fix the potential to be We have chosen the above Sauter-type pulse [16] for convenience. Note that this potential is bounded both at early and late times (see Fig.1 ). The adiabatic limit is an extremely slow evolution of the potential, obtained when ρ → 0. Inserting the potential (10) in (9) we obtain the physical solution in terms of the usual hypergeometric functions
where κ = 1 2
We have fixed this solution by demanding that at early times the modes behave as the Minkowskian modes for a free scalar field
At late times the modes behave as
where α k and β k are the Bogoliubov coefficients. They satisfy the relation |α k | 2 − |β k | 2 = 1 according to the normalization condition (8) . These coefficients serve to relate the early time creation and annihilation operators A k , B k , defining the initial Fock space, with the late time operators a k , b k
Therefore, we can define the number operator as
antiparticles). Taking the late time limit t → ∞ in (11) and matching with (13) we obtain (18) where we have used the usual properties of the hypergeometric function [17] . Finally we get
Fig . 2 shows a representation of this expression for different values of m and ρ, which can be interpreted as the momentum distribution of the created particles (the spectra of antiparticles would be obtained by making the shift k → −k). We easily observe that |β k | 2 decreases as ρ → 0, for fixed m = 0. In the same way, the particle density also decreases for large m with ρ fixed. Note in passing that for a sudden electric pulse (ρ >> 0) the momentum distribution of the particles is concentrated in the characteristic values k = 0 and k = qA 0 . To see whether |β k | 2 vanishes in the adiabatic limit we analyze in detail the behavior ρ → 0 on (19) . We get
where δ = 2(ω + − κ) and κ → |qA0| 2 . Since ω in , ω out > 0, the first two terms vanish as ρ → 0. For m = 0, the function δ(k) has a minimum at k = qA0 2 , with value δ min = (qA 0 ) 2 + 4m 2 − |qA 0 | > 0. It means that δ > 0, and hence |β k | 2 → 0 when ρ → 0, as in the case of a gravitational field. According with that, in Fig. 2 (a) one can realize how the number of particles decreases with the adiabatic parameter ρ, vanishing in the limit ρ → 0. However, for m = 0 this is no longer valid since δ = 0 for k ∈ (0, qA 0 ), and hence |β k | 2 → 1, meaning that particles are being produced even in the adiabatic limit. In short, we have obtained, when ρ → 0:
In order to visualize this behavior, we represent in Fig. 3 the dependence of the total density of created particles N (given by (16)) on the parameter ρ. One can see how in the adiabatic limit the density of quanta tends to vanish, except in the case m = 0, for which it tends to a non-zero value. This value is given by
This implies that the particle number is not an adiabatic invariant for the massless case. Furthermore, as we will see in the next section, the above result for the density number of created particles in the adiabatic limit coincides exactly with the analogous result for massless Dirac particles. For completeness we will study now the vacuum expectation values of the electric current and the energy density induced by the underlying particle creation process. This will also serve to test the adiabatic invariance, or the breaking of it, in terms of the current and the energy density.
A. Electric current
For a two-dimensional charged scalar field, the electric current is given by
The vacuum expectation of this observable is UV-divergent and has to be renormalized. In the context of an homogeneous and time dependent background it is very convenient to use the adiabatic regularization/renormalization method described in [18, 19] . After performing the appropriated subtractions, one obtains
where h k (t) are the mode functions of the scalar field satisfying the equation of motion (9) and ω = √ k 2 + m 2 . For more details on the original adiabatic method for scalar fields see [20] .
Let us focus on the late-time behavior of the electric current, for which we can relate (23) to the Bogoliubov coefficients computed in the last section. We restrict again the analysis to an electric-pulse configuration (10) with bounded asymptotic states. Introducing (13) in (23) we have
It is easy to see that the terms which are independent of the Bogoliubov coefficients do not contribute to the electric current. One can derive this result by realizing that the first two terms correspond to linearly divergent integrals, differing by a constant shift
while the last term in (24) is a finite integral, which cancels with (25). The second term in (24) depends on time and produces oscillations of the form cos (2ω out t). In the limit t → ∞ the Riemann-Lebesgue lemma ensures that the integral in dk of this term vanishes. With the above considerations, and using the symmetry properties of |β k | 2 (reflection under k → −(k − qA 0 )), one can re-write the expression of the electric current as follows
This equation shows explicitly the close relation between the density of created quanta and the electric current. The first term accounts for particles and the second one for antiparticles. In the adiabatic limit, and for massive particles, the renormalized electric current also vanishes since |β k | 2 → 0. However, the last result changes completely if m = 0. As we have shown, in the adiabatic limit|β k | 2 → 1 for k ∈ (0, qA 0 ). Therefore, the current at late times for massless particles in the adiabatic limit is given by
As expected, a non vanishing particle number N , even in the adiabatic limit, induces an electric current different from zero.
B. Energy density
The renormalized vacuum expectation value of the energy density of a two dimensional scalar field interacting with an electric field is given by
where h k (t) are again the mode functions of the scalar field and the three last terms account for the adiabatic subtractions required by renormalization [18] . As for the electric current, we will we focus on the late time behavior. Plugging (13) in (28) and using the asymptotic expansion for the functionsḣ(t)
we finally obtain
Using the same arguments as in section III A, it is easy to see that the only term contributing to the energy density is the one proportional to |β k | 2 . After some simplifications, we get the relation between the energy density and the particle number
In the adiabatic limit, we get |β k | 2 → 0, and therefore T 00 ren → 0. Nevertheless, for m = 0 there is indeed creation of energy. As we said, the adiabatic limit for the massless case gives us a non vanishing |β k | 2 for k ∈ (0, qA 0 ). In this region, |β k | 2 = 1, and therefore the created energy density is
IV. BREAKING OF ADIABATIC INVARIANCE FOR SPINOR QED2
Let us consider now a two-dimensional charged Dirac field ψ interacting with an homogeneous, time-dependent electric field. The corresponding Dirac equation is
where γ µ are the Dirac matrices satisfying the anticommutation relations {γ µ , γ ν } = 2η µν and D µ ≡ ∂ µ − iqA µ . [We follow here the convention that the electric charge of the fermion is −q]. The electromagnetic field is assumed to be an external classical field, while ψ is a quantized field interacting with the classical electric background. Assuming also that the electric field is described by the potential A µ = (0, −A(t)), the Dirac equation (33) becomes
From now on we will use the Weyl representation (with γ 5 ≡ γ 0 γ 1 )
We expand the field in momentum modes
where the two independent and normalized spinor solutions are:
B k and D k are the creation and annihilation operators which fulfill the usual anti-commutation relations. The field equation (34) is converted intoḣ
and we have assumed the normalization condition |h
Let us consider, as in the scalar case, the electric pulse A(t) = 
We have fixed the initial condition in order to recover the positive frequency solution for a free field at early times t → −∞
At late times t → +∞ the modes can be written as
α k and β k are the Bogoliubov coefficients satisfying the relation |α k | 2 + |β k | 2 = 1. These coefficients relate the early time creation and annihilation operators B k , D k with the late time operators b k , d k as follows
The density of created quanta is given by
Therefore, the particle number is also
The matching of (40-41) with (43) at late times determines the Bogoliubov coefficients. For the beta coefficients we get
Therefore,
Some representations of this expression are shown in Fig.4 . As in the scalar case, the number of particles decreases as ρ → 0 and increases as m → 0. For fermions, the relation |α k | 2 + |β k | 2 = 1 implies that |β k | 2 ≤ 1 for any value of k, according to Pauli's exclusion principle. In the massless case, irrespective of the value of ρ, one obtains (see Fig. 4(b) )
and the total density of created quanta is
Note that the same result is obtained by performing the adiabatic limit ρ → 0 in the scalar case. In contrast, this result is valid for any value of ρ, which means that the number of created massless fermions does not depend on the history of A(t), but only on its final value. This non-vanishing result of the particle number implies again the breaking of the adiabatic invariance.
For massive fermions and in the limit ρ → 0, expression (48) behaves essentially as
where δ = 2ω + − |qA 0 |. For m = 0, the former has a minimum at k = − qA0 2 , with value δ min = (qA 0 ) 2 + 4m 2 − |qA 0 | > 0. Hence, δ > 0 and |β k | 2 → 0, as we can see in Fig. 4(a) . Therefore we can conclude that the particle number is an adiabatic invariant for massive fermions, as in the scalar case. To visualize this behaviour, we have depicted in Fig. 5 the dependence of the total density of created particles on the parameter ρ. We can also observe that the density of quanta in the massless case does not vanish and, in contrast to the scalar case, it remains constant, according to the above calculations. 
A. Electric current
Using the renormalization method described in [19, 21, 22] for a Dirac field interacting with an homogeneous time-dependent electric field, the vacuum expectation value of the electric current j µ = −qψγ µ ψ is given by
To study the explicit dependence of the electric current j x with the mass, we can compute their time derivative
It is immediate to see that in the massless limit the first term vanishes, and the equation below can be easily integrated. With A(−∞) = 0 as initial condition one obtains
Note again that at each instant t, the value of the electric current depends only on the value of the potential vector A(t) at t, and not on its history. This contrasts with the behavior of the created current for a massive field, since h I k and h II k depend on the particular shape of the electric pulse. In the latter case, and assuming the electric pulse configuration given in (10), it can be proven by using the Bogoliubov coefficient (48) and repeating the same calculations done in Sec. III.A, that the electric current vanishes in the adiabatic limit. The analysis of the renormalized energy density can be carried out analogously, and it leads to a similar physical conclusion.
B. Relation with the axial anomaly
We have found that the expected adiabatic invariance of the particle number observable fails for a massless Dirac field. This is accompanied with a non-vanishing electric current, even in the adiabatic limit, as can be read from (54). Furthermore, this result brings about a creation of chirality as a consequence of the fact that, in two-dimensions, the axial current j µ 5 =ψγ µ γ 5 ψ is related by duality to the electric current j µ ren = q µν j ν 5 ren . Hence, the result (54) implies the axial anomaly [23] 
We remark that the breaking of the adiabatic invariance of the particle number for a scalar field in two-dimensions, which coincides quantitatively with the result for fermions, can also be naturally interpreted in the language of anomalies. In two-dimensions, a massless scalar field inherits a classical chiral-type symmetry, in the sense that the classical wave equation splits into two disconnected sectors: right and left-moving degrees of freedom, as the fermionic two-dimensional field. The corresponding right and left electric currents are, in the adiabatic limit, separately conserved in the classical theory. However, in the quantum theory these currents also cease to be conserved. The creation of right and left electric currents in the quantum theory is exactly the same for massless scalar and Dirac fields in the adiabatic limit, as can be easily observed from (54) and (27).
V. GENERALIZATION OF PREVIOUS RESULTS TO 4D
In the previous sections we have shown that the particle number operator is not an adiabatic invariant for twodimensional massless fields. Here, we extend our analysis to four dimensions for both scalar and fermionic fields. We briefly study whether the breaking of the adiabatic invariance could also happen in electric and magnetic backgrounds.
A. Scalar field
Consider now a charged scalar field obeying the wave equation (D µ D µ +m 2 )φ = 0, where we assume an homogeneous electric pulse defined by the vector potential A µ = (0, 0, 0, −A(t)) with A(t) given again by (10) . The Fourier expansion of the quantized field is
The mode functions h k (t) satisfy the normalization condition h kḣ * k − h * kḣ k = 2i and their time evolution is given bÿ
This equation is very similar to the one found in the two-dimensional case (9) . It allows us to partially reduce the four-dimensional problem to a two-dimensional one, by introducing an effective mass m
. Therefore, the beta coefficients can be obtained from Eq. (19) replacing k by k 3 and m by m ef f .
According to our previous results for scalar fields, only for m = 0 and k 1 = 0 = k 2 one can have a non-vanishing |β k | 2 in the adiabatic limit. However, since k 1 and k 2 are continuous quantum numbers characterizing the modes, the amount of created particles
is diluted into the infinite-volume of the unbounded three-dimensional space. Therefore, the total number density of produced particles turns out to be an adiabatic invariant.
This result cannot be altered by the introduction of a magnetic field. Adding a constant magnetic field B in the z-direction and choosing A µ = (0, 0, −Bx 1 , −A(t)), the Fourier expansion for the scalar field is
, and H n (ξ) are the Hermite polynomials with n = 0, 1, 2, ... . For simplicity, and without loss of generality, we have assumed qB > 0. The time evolution is given bÿ
From the two-dimensional viewpoint, the effective value of the mass, given now by m 2 ef f = m 2 + (2n + 1)qB, is a positive quantity, even for m = 0 and n = 0. Using again the result of Section III we can similarly conclude that the particle number, defined now as
is also an adiabatic invariant for a scalar field in four dimensions, regardless of the value of the mass, given that |β n,k3 | 2 → 0 . This is in sharp contrast with the result obtained for a massless scalar field in two dimensions. Note that for a scalar field in four dimensions there is no analog of the axial anomaly.
B. Dirac field
We can repeat the analysis for Dirac fermions. For massive fermions adiabatic invariance is preserved. Therefore we will focus on the massless case. In the latter, one can split the Dirac spinor in two independent chiral parts ψ = 
The two independent and normalized spinor solutions can be expressed as:
The equations for the modes arė
These equations are similar to the ones found in the two-dimensional case (38) and (39), with an effective mass m ef f = k ⊥ . Hence, the beta coefficients are given by Eq. (48) with the obvious replacements. As in the scalar case, only for k 1 = k 2 = 0 one can have a non-vanishing beta coefficient in the adiabatic limit, therefore the amount of created particles is diluted and the total number density of produced particles is an adiabatic invariant. However, this is not longer true in the presence of a magnetic field. Adding a constant magnetic field B in the z-direction and choosing A µ = (0, 0, Bx 1 , −A(t)), the generic form of the modes for a massless field is
where Φ n,k2 is defined as in the scalar case (59). The time evolution of the modes is given bẏ
In this case, we can identify the effective mass as m 2 ef f = 2nqB, which vanishes at n = 0. Therefore, in the adiabatic limit, the beta coefficients |β n,k3 | 2 (we recall they can also be obtained from the two-dimensional analog (48)) vanish for any value of n except for n = 0. Since N ∼ n dk 3 (|β n,k3 | 2 + |β n,−k3 | 2 ) , the particle number tends to a non-zero value because the discrete state n = 0 survives after summation. This contrasts with the previous case in which the mode k 1 = k 2 = 0 was diluted after integration. Hence, the particle number N is no longer adiabatic invariant.
This result is also linked to the axial anomaly, as happens in two dimensions. Note that in four dimensions the anomaly is only non-zero when both electric and magnetic fields are present. As in the two dimensional case, the adiabatic anomaly must be reflected in the electric current j z = −q ψ γ 3 ψ and also in the chiral charge density j 
From this result one can easily see the special role of the n = 0 modes, which are the only ones contributing to the breaking of the adiabatic invariance. Although in the most general case all the modes contribute to the electric current, in the adiabatic limit the contribution of the modes with n > 0, for which m ef f = 0, will vanish, as happens in the two-dimensional case. This gives us a lower bound for the current. On the other hand, by looking at the chiral charge
one realizes that only the mode with n = 0 creates chirality, even in a non-adiabatic regime. Furthermore, it is immediate to see that the lower bound of the electric current is given by j dt E(t ) B. It can be easily argued that a similar result can also be obtained for a time-dependent magnetic field.
VI. CONCLUSIONS
We have reexamined the adiabatic invariance of the particle number operator of quantized fields in two dimensions coupled to a background electric field. We have pointed out that, for massless fields, the expected adiabatic invariance fails. This fact is accompanied by the emergence of the axial anomaly in two dimensions. We have also shown that the breaking of the adiabatic invariance is also reproduced for a massless Dirac field in four dimensions, but requiring the presence of electric and magnetic fields, showing up again a deep connection with the axial anomaly.
